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We consider the situations of weak and strong magnetic fields as well as electron temper-
ature nonequilibrium and the linear systems are investigated in their natural constrained
singular symmetric form. Stationary iterative techniques are considered with new more
singular formulations of the transport linear systems as well as orthogonal residuals algo-
rithms. The new formulations are derived by considering generalized inverses with null-
Transport coefficients spaces of inc.reasing d'imension. Numerical tests are performed with high temperature
lonized mixture air and iterative techniques lead to fast and accurate evaluation of the transport coeffi-
Iterative algorithms cients for all ionization levels and magnetic field intensities.
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1. Introduction

Ionized magnetized reactive gas mixtures have many practical applications such as laboratory plasmas, high-speed gas
flows, lean flame stabilization or atmospheric phenomena [6,10,13,17,18,32,36,67]. This motivates kinetic theory investiga-
tions and the derivation of macroscopic multicomponent plasmas equations. Applications of the Chapman-Enskog theory to
partially ionized mixtures in weak and strong magnetic fields in a regime where there is only one temperature have been
discussed in particular by Braginsky [6], Bruno, Capitelli and Dangola [8], Chapman and Cowling [13], Devoto [22], Ferziger
and Kaper [32], Kaneko [50], for monatomic species, and Giovangigli and Graille [41,43] for polyatomic species. Mixtures of
monatomic gases at thermodynamic nonequilibrium with multitemperature transport arising from electron/ions mass ratio
asymptotics have been notably investigated by Braginsky [6,7], Chmieleski and Ferziger [16], Daybelge [19], Petit and Dar-
rozes [66], Degond and Lucquin [20,21], Magin and Degrez [56], and a comprehensive multiscale kinetic theory has been pre-
sented by Graille, Magin and Massot [47]. Transport properties in multicomponent plasmas have also been investigated with
Grad’s method by Zhdanov [72].

The conservation equations for partially ionized plasmas derived in these various regimes involve transport fluxes, that is,
diffusive mass fluxes, viscous tensors or heat fluxes. These transport fluxes, on the other hand, are expressed in terms of
transport coefficients and macroscopic variable gradients. Detailed modeling of multicomponent plasmas thus requires
the evaluation of transport coefficients which are functions of the state variables p,T, and y,,...,y, and the intensity of
the magnetic field B.

Evaluation of the transport coefficients, however, requires solving linear systems associated with linearized Boltzmann
equations [8,9,13,32,41,43,45,47,55,60,70,72]. The corresponding transport linear systems can be obtained in their natural
constrained singular symmetric form for all the regimes considered [13,32,41,43,47,70]. The systems associated with vector
transport relations may also take various forms [23,35,52,58,59,64,73]. Since the size of the linear systems can be relatively
large and since transport properties have to be evaluated at each computational cell in space and time, the use of direct
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numerical inversions may become computationally expensive and iterative techniques constitute an interesting and appeal-
ing alternative [64,65].

A systematic development of a mathematical and numerical theory of iterative algorithms for evaluating transport coef-
ficients of nonionized polyatomic gas mixtures has been given by Ern and Giovangigli [23,25,28,38]. Various algorithms have
been shown to be convergent by using the properties of linearized Boltzmann collision operators, the structure of usual var-
iational approximation spaces associated with species perturbed distribution functions, and the theory of iterative methods
for constrained singular symmetric linear systems [23,28,38]. The resulting algorithms have been found to be efficient espe-
cially for numerical simulation of reactive flows with complex chemistry [23,25,27-29].

Extensions of these techniques to partially ionized mixtures have been investigated by Giovangigli and Graille [41,43,44]
in weak and strong magnetic fields and Garcia Mufioz [36] for nonequilibrium planetary atmospheres. The linear systems in
strong magnetic fields are then complex with an imaginary part proportional to the intensity of the magnetic field. General-
ized conjugate gradient techniques as well as stationary iterative methods have been discussed [36,41,43,44]. The numerical
experiments performed by Garcia Mufioz [36] on multicomponent diffusion matrices in planetary atmospheres have shown
in particular that the convergence rates of stationary iterative methods deteriorate as ionization levels increase and these
methods become prohibitively slow. Similar results have been reported by Giovangigli and Graille who investigated trans-
port coefficients in magnetized plasmas [43]. The purpose of this paper is now to derive new transport algorithms which
converge rapidly for all ionization levels and magnetic field intensities and to perform comprehensive numerical tests with
high temperature air to assess the accuracy of the resulting approximate coefficients.

We first review the transport fluxes and the mathematical structure of the transport linear systems in various regimes.
We consider the situations of weak and strong magnetic fields as well as that of electron temperature nonequilibrium. We
subsequently discuss stationary iterative methods, generalized conjugate gradient techniques, and perform numerical tests
with high temperature air.

For stationary methods, we express the solution of transport linear systems in terms of generalized inverses with pre-
scribed range and nullspace [2,4,23,28,37,38,44] and present convergence results for constrained singular symmetric sys-
tems [4,28,38,44,51,54,57,61]. We next introduce the more singular formulations of the transport linear systems by
considering generalized inverses with nullspaces of increasing dimension. These new formulations can be associated with
expansions of symmetric generalized inverses into dyadic products of conjugate directions. These more singular formula-
tions are then used to define new stationary algorithms. The main idea is that the more singular formulations will yield pro-
jected iterative algorithms with better convergence rates [40]. We next investigate generalized conjugate gradient
techniques such as orthogonal residuals algorithms [28,30,31,33,34,44,46,49,54] and discuss the link between the more sin-
gular formulations and search directions.

Numerical experiments are performed with high temperature air for varying ionization levels and magnetic field inten-
sities. The air mixture is constituted by the eleven species N,, O, NO, N, O, N5, 05, NO*, N*, 0%, and e. Numerical tests are first
conducted for stationary iterative techniques in order to evaluate first order and higher order multicomponent diffusion
matrices in isotropic and magnetized flows. The numerical experiments confirm the fast convergence rates of the new sta-
tionary algorithms for all ionization levels and magnetic field intensities. In particular, accurate low cost approximations are
obtained for multicomponent diffusion matrices. Numerical tests are then performed with generalized conjugate gradients
algorithms in order to evaluate thermal conductivities and species diffusion velocities. The numerical tests confirm the good
convergence rates of generalized conjugate gradient techniques in partially ionized mixtures. These numerical tests with
high temperature air finally establish that iterative techniques lead to low cost accurate evaluations of multicomponent
transport coefficients for all ionization levels and magnetic field intensities.

The transport linear systems and their mathematical structure is investigated in Sections 2 and 3 for isotropic and aniso-
tropic mixtures, respectively, and in Section 4 for thermodynamic nonequilibrium. Stationary iterative algorithms are inves-
tigated in Section 5 and generalized conjugate gradient algorithms in Section 6. Applications to diffusion matrices are
presented in Section 7 and applications to thermal conductivities and Stefan—-Maxwell equations in Section 8.

2. Transport linear systems in isotropic mixtures

We summarize in this section the transport fluxes and transport linear systems of polyatomic reactive gas mixtures at
thermodynamic equilibrium in weak magnetic fields [13,23,32,41,70].

2.1. Transport fluxes

The transport fluxes derived from the kinetic theory of gases can be written in the form [13,32,39,70]

= —K(V~v)I—n(Vv—s—(Vv)t—%n(Vv)I), (2.1)

Vi=— ZD,‘jdj —6;V log T, ie S, (22)
jes

q=-VT-p Z 0id; + Z phiy:vi, (2.3)

icS ieS
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where IT denotes the viscous tensor, V = (dy, 9y, d,)" the usual differential operator, I the unit tensor in three dimensions, x
the volume viscosity, 17 the shear viscosity, » the mass averaged flow velocity, v;,i € S, the species diffusion velocities,
Dy;,i,j € S, the multicomponent diffusion coefficients, d;,i € S, the species diffusion driving forces, 0;,i € S, the species ther-
mal diffusion coefficients, T the absolute temperature, S = {1,...,n°} the species indexing set, n° the number of species, q the
heat flux vector, 7 the partial thermal conductivity, p the pressure, p the density, h;,i € S, the species enthalpy per unit mass,
and y;,i € S, the species mass fractions. Note incidentally that the ratio x/# is not small for polyatomic gases as taken for
granted in most books on fluid dynamics and its impact is investigated in [5]. The vectors d;,i € S, incorporate the effects
of various state variable gradients and external forces and are given by

Vp, niq; .

d =P Mg, y.B) jes, (2.4)
p p

where p;,i € S, denotes the species partial pressures, n;,i € S, the species molar densities, g;,i € S, the species molar charges,

E the electric field, and B the magnetic field. Alternatively, the diffusion velocities and the heat flux vector may be written in

terms of the species thermal diffusion ratios y;,i € S, and the thermal conductivity 4 [70]

vi=—Y Dj(d+yVlogT), i€s, (2.5)
jes
q=—VT+p> yvi+ > phyyvi, (2.6)
ieS ieS

or in terms of the constrained diffusion driving forces d; = d; —¥i> sl i € S. The corresponding governing equations
expressing the conservation of species mass, momentum and energy are omitted for brevity and we refer to [13,32,39,70]
for more details.

2.2. Transport linear systems

The transport linear systems obtained from the kinetic theory take on either the nonsingular form
Ga =D, (2.7)

or else the constrained singular form

(o

where G denotes the system matrix, b the right-hand side, g the constraint vector and (,) the Euclidean scalar product
[13,23,32,70]. Both systems are typically associated with the evaluation of a transport coefficient u = (a,b’) where b’ is a gi-
ven vector.

The transport linear systems are derived from a variational procedure used to solve constrained systems of linearized
Boltzmann integral equations. For each transport coefficient, various transport linear systems can be considered, correspond-
ing to different choices of the variational approximation space. The standard choices as well as some reduced transport linear
systems are presented in Table 1. In this table, the first column contains the system Ga = b; the second, the size of the system
n where n° denotes the number of species and n” the number of polyatomic species; the third, the constraint (a, g) = 0; and
the last, the expression of the associated transport coefficient p. The transport coefficients corresponding to the largest var-
iational space have been denoted by (, and the ones associated with a reduced variational space have been denoted by 1,
where x stands for a simple symbol associated with the reduced variational space. The explicit expressions for all of the sys-
tem matrices, right-hand sides, and constraint vectors can be found in Ern and Giovangigli [23].

For nonionized mixtures the reduced systems yield approximations for the transport coefficients which are generally
within a few percent accuracy of the transport coefficients obtained with the standard systems [23,25]. The accuracy of
the corresponding coefficients deteriorates for ionized mixtures since the convergence of the Chapman-Enskog expansion
is known to be slower [6,10,13,32]. An extreme situation is that of electrical conductivities which require higher order dif-
fusion coefficients to compensate for the cancellation of significative digits [6,32,43].

(2.8)

2.3. Mathematical structure

For x,y € R" the scalar product is given by (x,y) = 34 Xy Where x = (X1,...,%:)",y = (¥1,...,¥,)", and we denote
xt = {y e R (x,y) = 0}. We denote by R™" the set of square matrices of size n, and for G € R™", we write G' the transpose
of G,N(G) the nullspace of G, and R(G) the range of G. We denote [ the unit tensor in R™" and for x,y € R", the tensor product
matrix x ® y is given by X ® y = (X)) <x <

The sparse transport matrix db(G) is a submatrix formed by diagonals of blocks of G [23]. It can be used as a splitting ma-
trix for stationary methods as well as a preconditioner for generalized conjugate gradients algorithms [23,25]. The definition
of the matrix db(G) is reminded in Appendix A. The matrices G and db(G) have a general structure inherited from the prop-
erties of Boltzmann linearized collision operators and the properties of usual variational approximation spaces associated
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Table 1
Typical transport linear systems for isotropic gases.
System Size Constraint Evaluation
Hat — 5" w - = (@ b)
Ka* = b* n* 4 nP (a*.k)y =0 K = (a®,b")
Koy ajoy = bioy nP - K1) = (affn]ﬂbffn])
LaPe — pP 20 + nP (@b, y) =0 Dy = (aP, b™t)
D D, g D Dy 1D
Ligal = b 2n (@i Vi) =0 Diejt = (@ef bie]
D, D, g D Dy 1D
Aagy = bigy, n (apy-y) =0 Dyooa = (@l biooy)
~ -~ s P &S ~ ~ =
Lo’ = b’ e (@.%)=0 %= (p/T){a* b")
ok = 7((1" szk>
Ad? = b n* +nP = 4= (p/T)(@,b)
¥ = [%%g
T _nh 2n ~ o - - =
Lgapy = big (@, Vee)) = e = (p/T) <a[é]vb[e]>

T 1D
Ok = —(0g, beh)

i\ — b, ns - A = (p/T) @ ble)

_700% 45
e = L gy

Aje@

with the transport linear systems [23,26]. In order to simplify the presentation, we frequently assume in this paper that the
number of species is n° > 3. For the nonsingular systems, one can establish that

(G1)The matrices G,2db(G) — G, and db(G) are symmetric positive definite for n°® > 1.

On the other hand, for the singular systems, one can establish that

(G2) The matrix G is symmetric positive semi-definite and its nullspace is N(G) = Rz. The nullspace vector z, the constraint vec-
tor g and the right member b are such that (z,g) > 0 and (z,b) = 0. The matrices 2db(G) — G and db(G) are symmetric positive
definite for n° > 3.

These properties imply that the transport linear systems are well posed [23,28]. Their solution is also conveniently ex-
pressed in terms of symmetric generalized inverses [23,28] as further discussed in Section 5. The singular systems can also
be recast into the nonsingular form a = (G + ag ® g) ' b where o > 0 and the matrix G + ag ® g is symmetric positive definite
[23,37,38].

3. Transport linear systems in nonisotropic mixtures

We summarize in this section the transport fluxes and transport linear systems for polyatomic reactive gas mixtures at
thermodynamic equilibrium in strong magnetic fields [6,13,32,41,43].

3.1. Transport fluxes

In the presence of strong magnetic fields, the transport fluxes are not anymore isotropic [6,13,32,41,43]. Denoting by B
the magnetic field, B = ||B|| the magnetic field intensity, and B = B/B the unitary vector, we introduce for any three dimen-
sional vector x the associated vectors

xX'=x-B)B, xt=x-xI, x*=8BAx

The vectors x!, x* and x® are mutually orthogonal and obtained from x by applying the linear operators B® B, - B B
and R(B) where R(B) is the rotation matrix such that R(B)x = B A X. In strong magnetic fields, the viscous tensor II is found
in the form

=-x(V-0)I-1n,S—n,(R(B)S —SR(B)) — n5((SB,B) Bx B — R(B)SR(B))
—Ny(SB®B+B®BS - 2(SB,B)B® B) —15(B® BSR(B) —R(B)SB® B), (3.1)

where S = Vo + Vo' — 2(V - »)I denotes the strain rate tensor, x the volume viscosity, and 1;, 1 <j < 5, the shear viscosities.
The species diffusion velocities v;,i € S, are found in the form

vi=-> (Dl}d}‘ +Dyd + D;j'?df) —0l(VlogT)! — 0-(ViogT)* — 07 (VlogT), (3.2)

jes
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where DH D;. and Dl ,i,j € S, are the species diffusion coefficients parallel, perpendicular and transverse to the magnetic
field, and 0[‘, 0;,07,i € S, the species thermal diffusion coefficients parallel, perpendicular and transverse to the magnetic

field. The heat flux q can be written similarly in the form
q=—A(VT)!| = - (VT)* =2 (VT)° —p Y (0”d” +ord + 9"‘d~) +3 " pyihivi, (3.3)
ieS ieS

where 7!, 7%, and 7° are the partial thermal conductivities parallel, perpendicular and transverse to the magnetic field.
The species diffusion velocities and the heat flux can also be rewritten in terms of the thermal diffusion ratios 7!, y;-, and
%°,i € S, and the thermal conductivities 2!, 2+, and 2% [41,43]

vi=-)Y Dj (d”-i—}'” (VlogT) ”) ZDL(dﬂ-y] (VlogT)" + 7 (VlogT)* )

jes
-3 p; ( "4 2 (ViogT)® — 77 (VlogT) ) (3.4)
jes
q=—'(VD)! = (V)" =02 (VT)" 4+ p Y (V! + 2ivi + 10 v0) + > pyihivi (3.5)
ieS ieS

The corresponding governing equations expressing the conservation of species mass, momentum and energy are omitted
for brevity and we refer to [13,32,41] for more details.

3.2. Transport linear systems

The transport linear systems associated with the transport coefficients parallel to the magnetic field are real and identical
to that of isotropic mixtures already investigated in Section 2. These system are not further considered in this section. On the
other hand, the transport linear systems associated with anisotropic coefficients are complex, vector products with the mag-
netic field having been replaced by multiplications with imaginary numbers [32,41]. The transport linear systems obtained
from the kinetic theory take on either the regular form

(G+iGYa = b, (3.6)
or else the constrained singular form
(G+iG)a=Db, (37)
(a,g) =0,

where i = —1,G,G € R™ denotes the system matrices, b € R" the right-hand side, g € R" the constraint vector, and (,) the
Hermitian scalar product. The real part G is the matrix already obtained for isotropic mixtures whereas the imaginary part G’
is proportional to the intensity of the magnetic field. Both systems are typically associated with the evaluation of the trans-
port coefficient p* 4 iu® = (a,b’), where b’ € R" is a given vector.

The transport linear systems corresponding to the first usual Sonine/Wang-Chang Uhlenbeck polynomial expansions are
presented in Table 2. The explicit expressions of the systems coefficients are detailed in references [23,43]. The successive
approximations in the Chapman-Enskog expansion of transport coefficients are still known to converge more slowly in plas-
mas than in neutral mixtures [6,8,10]. Note that the variational framework for a direct evaluation of the thermal conductivity
and the thermal diffusion ratios [24,23] has been generalized to the anisotropic case [44].

Table 2
Typical transport linear systems for nonisotropic gases.
Systems Size Constraint Coefficients
Ha™ = b" n = Ny +iny = 3@ +a”?, b
(H+2iH")a"? = b" N +n3 = (a"l b")
(H+iH)a” = b" Ny + N5 + 1y + iy = (@3, b")
@+ iL’)aDl =2 2+ (@,) =0 D} +iDj = (a%,b™)
(4 +id)agy = by, ” (age ) =0 Dioasj + iDipoji = (@i} big)
(L+il'yal — b* I (@,9) =0 T+ 030 — (p/T)(ah, b
0 +i07 = —(a*,b%)
(A +id"a* = b* n +nP - I 4i0° = (p/T) (@, b%)
7 4 iy® = [t
(A +idly)aly = by 12 - g+ u[e (p/T>< bigy)

g + xR =1 “H
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3.3. Mathematical structure

For x,y e C" the Hermitian scalar product is given by (x,y) = >, ., X¥x Where x = (... X))y =, -..,¥,)", and the
nondegenerate nondefinite bilinear symmetric form (x,y) naturally associated with complex symmetric matrices is given by
(X,¥) = > 1<kenXi¥i- The real x and imaginary y parts x,y € R, of a complex number z € C,z = x + iy, are written x = %z and
y=3z. When A is a real linear subspace A c R", we denote by A-+iA the corresponding complex linear space
{zeC",z=x+1y, x,y € A}. If Ais a real subspace, we denote by A" the orthogonal complement with respect to the Euclid-
ean product whereas when B is a complex subspace, we denote by B* the orthogonal complement with respect to the non-
degenerate bilinear form (,). Note that if B has a basis of real vectors, the orthogonal complement is equivalently defined
with the Hermitian scalar product. This is notably the case with the constraint (a,g) =0 which can also be written
(a,g) = 0 since g is real. When a,b € C", the tensor product matrix a ® b has components ayb;,1 < k,I < n and for any
x € C"we have a® bx = a(b,x).

The following results have been obtained from the properties of Boltzmann linearized operators under general assump-
tions on the variational approximation spaces after properly structuring the complex transport linear systems [41]. For the
nonsingular systems, the matrix G satisfies (G,) whereas the imaginary part is such that

(G,) The matrix G' is real diagonal.

On the other hand, for the singular systems, the matrix G satisfies (G,) wheras the imaginary part is such that

(G,) The matrix G’ is real and given by G' = QD'P where P and Q are the projector matrices Q = P' =1 — g ®z/(z,g) and D' is
diagonal.

It is easily deduced from (G,)(G}) and (G,)(G,) that N(G +iG') = {0} in the regular case, N(G +iG') = Cz in the singular
case, and that the transport linear systems are well posed [41,43,44]. Their solution may conveniently be expressed in terms
of symmetric generalized inverses as further discussed in Section 5. The singular systems can also be recast into the nonsin-
gular form a = (G+iG +oug® g)flb where « > 0 and the matrix G + og ® g is symmetric positive definite [23,44].

4. Transport linear systems in a two-temperature plasma

We summarize in this section the transport fluxes and the transport linear systems in the situation of electron temper-
ature nonequilibrium. We only considered a two-temperature plasma and refer to Capitelli et al. [11,12], Nagnibeda and
Kustova [60], and Kustova [53] for more general desequilibriums as state-to-state models.

Two-temperature plasmas are relevant for many scientific and industrial application as for instance lean flame stabilization
by pulsed high voltage discharges [18]. The Knudsen number Kn and the square root of the mass ratio (m./m;)"/?, where m,,
denotes a typical heavy species mass, are usually of the same order of magnitude [16,20,21,47,56,66]. The corresponding Boltz-
mann equations then have a natural scaling already discussed by Petit and Darrozes [66], Degond and Lucquin [20,21], Magin
and Degrez [56], and Graille, Magin, and Massot [47]. The species S = H U {e} must be partitioned between the heavy species H
and the electrons e and Graille, Magin and Massot have established that the proper reference velocity is the heavy species veloc-
ity v, in order to derive O(Kn) accurate electron governing equations with the Kolesnikov effect [47]. The infinite mass approx-
imation with Dirac masses, previously used by several authors, may also be avoided in the Chapman-Enskog procedure and
entropy production has been shown to be nonnegative for the resulting multicomponent flow model [47].

4.1. Heavy species transport fluxes

In the limit of zero electron mass, there are no polarization effects for the heavy species and the corresponding transport
fluxes can be written [47]

I, = —k(V- vh)l—n<Vvh+(Vvh)‘7§(V~vh)l>, 4.1
vi=- Dyd;— 0,VlogTy, ie™H, (4.2)
JjEH
@ =—nVTh—pp > Oid; + > phyvi, (4.3)
icH icH

where I, is the heavy species viscous tensor, », the heavy species mass averaged flow velocity, v;,i € H, the heavy species
diffusion velocities, d;,i € H, the heavy species effective diffusion driving forces, T, the heavy species temperature, H the set
of heavy species indices, g, the heavy species heat flux, h;,i € H, the heavy species enthalpy per unit mass, and y;, i € H, the
heavy species mass fractions. The vectors d; incorporate the effects of various state variable gradients and forces and are gi-
ven by

d;— P _"ig 4 np) - TiFe

, 1€H, (4.4)
DPn  DPn Dn
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where p;,i € H, denotes the heavy species partial pressures, p, the heavy species total pressure, g;,i € H, the heavy species
molar charges, and F;,,i € H, the average force of electrons acting on the ith heavy species. This force can be expanded in the
form

Fio = —p, (oc‘i‘ed‘e‘ +ohds +ood? + ylVIogT! + yLV1og T + %2V log T) ieH, (4.5)

ee

where p, is the electron partial pressure, and ocl‘.‘e, i, OLfy, xl.‘e, Zie and i, i € 'H, are second order coupling coefficients [47]. In
particular, the influence of electron temperature and partial pressure on the heavy species is mediated through the force
terms F,,i € H. The heavy species diffusion velocities and heat flux may also be written in terms of the heavy species ther-

mal diffusion ratios y;,i € H, and the heavy species thermal conductivity 7, as for isotropic gas mixtures [47].

4.2. Electron transport fluxes

The electron transport fluxes present polarization effects in the presence of strong magnetic fields. The second order elec-
tron diffusion velocity is found in the form [47]
Ve = ~Dled, — Dyd; — Doed; — 0L(V1ogTe)' — 0 (VlogTe)" — 07 (ViogTe)” = > (! + ou? + o3l”),  (46)
ieH
where D!, D%, and D, are the electron diffusion coefficients parallel, perpendicular and transverse to the magnetic field, and
0,6+ and 62 the electron thermal diffusion coefficients parallel, perpendicular and transverse to the magnetic field. In this

erve

equation, the electron diffusion driving force d. and the second order diffusion driving forces df,i € 'H, are given by

do—YPe _MGe(p .y 2B & —-nv, icH (4.7)
Pe  Pe

Similarly, the electron heat flux can be decomposed in the form

Qe = —2UVTe)! = (VT = 22 (V)" = pe(0ldh + 0,dy + 0207 ) —pe Y (el + e + 7o) + peheve,
ieH

(4.8)

where Z!,Zg and Ig are the electron partial thermal conductivities parallel, perpendicular and transverse to the magnetic
field. In particular, the influence of heavy species temperature and partial pressures on the electron transport fluxes is med-
iated through the second order diffusion driving forces diz7 i € H. Similar expressions can also be written in terms of the ther-
mal diffusion ratios and the electron thermal conductivity but are omitted for the sake of brevity as well as the governing
equations [47].

4.3. Transport linear systems

The kinetic theory investigations of Graille, Magin and Massot [47] have shown that the transport linear systems associ-
ated with the heavy species are similar to that of isotropic mixtures investigated in Section 2 with the indexing set S re-
placed by #. In particular, these systems share the same mathematical structure already investigated in Section 2. On the
other hand, the small transport linear systems associated with electrons are similar to that of the nonisotropic mixtures ob-
tained in Section 3 without singularities [47].

Since we are interested in iterative solutions of the transport linear systems associated with a large number of species,
only the mathematical structure of the heavy species transport linear systems — associated with the main computational
costs - and similar to that presented in Section 2 is therefore relevant in the nonequilibrium case. We do not repeat the cor-
responding table of transport linear systems since they formally corresponds to changing the indexing set from S to H.

Investigating the corresponding linear systems is important in several respects. Two-temperature plasmas are first rele-
vant for various scientific and industrial applications. Investigating the heavy species transport linear systems considerably
broadens the applicability of the new algorithms investigated in the next sections. In addition, the resulting linear systems
obtained by suppressing the electron from the species list are especially relevant for a number of computational studies. We
will establish in particular that the numerical difficulties found for increasing ionization rates are not associated with elec-
tron. Finally, the acceleration techniques obtained with more singular formulations of the transport linear systems will also
be efficient for the heavy species.

5. Generalized inverses and stationary iterative techniques

We express the solution of transport linear systems in terms of generalized inverses with prescribed range and nullspace
[23,28,38,41,44] and review projected stationary iterative techniques in order to solve constrained singular symmetric sys-
tems [23,28,38,44]. We next introduce the more singular formulations of the transport linear systems as well as expansions
of symmetric generalized inverses into dyadic products of conjugate directions.
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5.1. Generalized inverses and transport linear systems

The transport linear systems associated with partially ionized gas mixtures can be written in the general form

ga:b7
{ae((f (1)

where G € K™, % is a linear subspace of K" a,b € K" are vectors and K denotes R or C. In the isotropic case, we have
K =R, G = G, and either ¥ = R" in the regular case or else ¥ = g* and N(G) = Rz in the singular case. In the nonisotropic case,
we have K = C,G = G +iG, and either ¥ = C" in the regular case or else ¥ = g- + ig" and N(G) = Cz in the singular case.

The solutions of the transport linear systems may naturally be expressed in terms of generalized inverses with prescribed
range and nullspace [23,28,38,44]. More specifically, if G € K™ is a matrix and % and ¥ two subspaces of K" such that
NG ® ¢ =K" and R(G) ® ¥ = K", then there exists a unique matrix Z such that GZG =G,2GZ = Z N(Z) =%, and
R(Z) = € [2,4,39]. This matrix Z is termed the generalized inverse of G with prescribed range % and nullspace % and is also
such that GZ = Py~ and ZG = P4 yg where for any complementary spaces R& S = K", Pgs denote the projector onto R par-
allel to S. First order multicomponent diffusion matrices can notably be expressed as generalized inverses of Stefan-Maxwell
like matrices [38,41,44]. The well posedness of the transport linear systems (5.1) is addressed in the following proposition
and its solution a is related to generalized inverses [23,28,38,44].

Proposition 5.1. Let G € K"" be a matrix and % be a subspace of K". The constrained linear system (5.1) is well posed, i.e., admits
a unique solution a for any b € R(G), if and only if

N(G) @& % = K". (5.2)

In this situation, for any subspace & such that R(G) & & = K", the solution a can be written a = Zb, where Z is the generalized
inverse of G with prescribed range % and nullspace .

The well posedness condition is easily obtained in the real and complex cases since the constraint vector g is such that
(z,g) # 0. An important property is that the proper generalized inverses are symmetric [28,44]. In the real case (2.8) the
proper generalized inverse Z of G is the one with range g* and nullspace Rg and we then have GZ =1 -g®z/(g,z) and
ZG=1-z®g/{g,z). In the complex case (3.7) the proper generalized inverse Z of G =G+ iG is the one with range
gt +1ig* and nullspace Cg and we have GZ =1 —-g®z/(g,z) and ZG = [ —z® g/(g, z). Both generalized inverses are shown
to be symmetric and Z and RZ are positive semi-definite with nullspace Rg [23,28,44]. In the real singular situation the
transport linear systems can be recast into the nonsingular form a= (G+ag®g) 'b where o >0 and the matrix
G+ og ® g is then symmetric positive definite, and, in the complex case, we may similarly write a = (G +iG +og®g) 'b
[23,37,38,44]. However, the singular formulations are more suited to iterative techniques [23].

5.2. Projected iterative algorithms

For a matrix 7 € C"",0(7) and p(7) denote respectively the spectrum and the spectral radius of 7, and we also define
Y(T) = max{|/|; 2 € a(T), A= 1}. Amatrix 7 is said to be convergent when lim;_.,.7" exists not necessarily being zero [61].
A matrix 7 € C™" is convergent if and only if either p(7) <1 or p(7) =1,1€ ¢(7),y(T) < 1, and 7 has only elementary
divisors corresponding to the eigenvalue 1, that is, NI - 7)nR(I - T) = {0} [4,39,57,61,63].

Next, for a matrix G € C"", the decomposition

G M_W, (5.3)

is a splitting if the matrix M is invertible. In order to solve the linear system Ga = b, where b € C", the splitting (5.3) induces
the iterative scheme

Zin=Tz+ M71b7 i> 0, (54)

where 7 = M~"W. When b € R(G), we have M~'b € R(I — T), and the behavior of the sequence of iterates (5.4) is given in the
next lemma [4,40,57].

Lemma 5.2. Let 7 € K™" and let ¢ € K" such that c € R(I — 7). Then the iterative scheme z; 1 = Tz; + c,i > 0, converges for any
z9 € K" if and only if T is convergent. In this situation, the limit lim;_,..z; = z, is given by z.. = Z. + Pny—_1)ru-7)20 Where Z is
the unique solution of (I — T)z., = c such that z,, € R(I — 7).

We are now interested in solving the constrained singular system (5.1) by stationary iterative techniques. These tech-
niques provide iterates which depend linearly on the right-hand side b, and this property may be important for some appli-
cations, as for instance for multicomponent diffusion matrices. For a given splitting G = M — W and for b € R(G), assuming
that the iteration matrix 7 = M~'W is convergent, the iterates (5.4) will converge for any z,. When the matrix g is singular,
we have p(7) = 1 since 7z = z for z € N(G), and neither the iterates {z; i > 0} nor the limit z,, are guaranteed to be in the
constrained space %. In order to overcome these difficulties, we use a projected iterative scheme [38]
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Z,, =PTZ+PM'b, i>0, (5.5)

where P = Py (g is the projector matrix onto the subspace % along N(G). All the corresponding iterates {z}; i > 0} then sat-
isfy the constraint z} € 4. The spectral radius of the iteration matrix P7 associated with (5.5) can then be estimated by using
a theorem of Neumann and Plemmons [61] which states that p(P7) = y(7) when 7 is convergent. This estimate can also be
deduced by investigating directly the spectrum of 77 and the corresponding eigenvectors using the following result [28,44].

Theorem 5.3. Let 7 € K™" be a matrix such that R(I — T) " N(I — T) = {0}. Let ¢ be a subspace complementary to N(I — 7), i.e.,
such that N(I — T) & ¥ = K", and let also P be the oblique projector matrix onto the subspace ¢ along N(I — 7). Then we have

(a(T)\{1}) u {0}, if NI-T)# {0},
o(T), if N(I—T) = {0},

and the matrices T and P satisfy the relation PT = PTP. In addition, if 2 # 1 and x # 0 are such such that Tx = /x, theny = Px is
an eigenvector for the product P7T associated with the eigenvalue 2, that is, PTy = Ay.

o(PT) = {

In order to obtain convergent iteration matrices - and therefore convergent projected iterative schemes for the transport
linear systems in the real case - we may then use Keller’s theorem [51].

Theorem 5.4. Let G € R™" be a symmetric matrix and let G=M — W be a splitting such that M is symmetric and M + W s
positive definite. Then T = M~'W is convergent if and only if G is positive semi-definite.

Combining then Keller's theorem, the spectral Theorem 5.3, and the mathematical structure resulting from the kinetic
theory of gases, we may use in the real situation the splitting matrices

M = db(G) + diag(ay,...,0n), (5.6)

where db(G) is the sparse transport matrix and oy,...,0, are any nonnegative factors. Indeed,
M + W = 2db(G) — G + 2diag(oy, . ..,0,), and we deduce that M + W is positive definite from (G, — G,), so that Keller’s the-
orem can be used. The convergence of projected iterative algorithms and the asymptotic expansion of generalized inverses
are then obtained [28]. On the other hand, in the complex case, in order to obtain an iterative scheme with convergence
properties valid for any matrix G, that is, for any magnetic field intensity B, we may include the full imaginary part iG of
G in the splitting matrix M

M = db(G) + diag(ay,...,0,) +iG. (5.7)

Then M =M +iG and G = M — W is a splitting of the real matrix G. This can be done in practice since the inverse of the
matrix M = M +iG is easily expressed in terms of the inverse of M +iD’ when G’ is in the form G' = QD'P [44]. Note that
Keller’s theorem cannot be applied directly as in the real case since G is not Hermitian when G’ is nonzero [44]. The conver-
gence and properties of the projected iterative algorithms (5.5) when applied to the real or complex symmetric constrained
singular systems (5.1) are summarized in the following statement [28,44].

Theorem 5.5. Let G = G + iG' where G, G’ are real symmetric matrices, G is positive semi-definite and G'N(G) = 0. Let C C R" be a
subspace complementary to N(G) and let ¥ = C + iC. Consider a splitting G = M — W, assume that M is symmetric and that M + W
is positive definite, so that M is also symmetric positive definite. Define M =M +iG,G =M —W, so that W =W, and
T=MWT=M'W. Let P=P be the oblique projector matrix onto the subspace C along N(G). Let also
b e R(G),z0 € C",z; = Pzo, and consider for i > O the iterates z; 1 =Tz +M7'b as in (5.4) and zi 4 =PIz +PM7 b as in
(5.5). Then z} =Pz for all i > 0, the matrices T,P7,T, and PT are convergent, p(T) = p(7) =1 when dim(N(G)) =

1,p(PT) = y(T) <1,p(PT) = y(T) < 1, and

NT) < y(T), (5.8)
so that the convergence rate is never worse in the magnetized case G' = 0. Moreover, we have the following limits
limz; = P(limz) =a= Y (PTYPM'b, (5.9)
=00 1—00 :
0gj<oco

where a is the unique solution of (5.1). Moreover, each partial sum 2;,i > 1, given by Zi = 3 o i 4 (PTYPM'P is symmetric
and lim;_., Z; = Z where
2= (PTYPM'P', (5.10)
0gj<co
is the symmetric generalized inverse of G with prescribed nullspace N(2) = C* +iC* and range R(Z) = % = C + iC. Similar prop-

erties hold in the real case where G' =Z' =0and Z = ZOQQ(PT)J'PM”P‘ is real and is the generalized inverse of G with prescribed
range R(Z) = C and nullspace N(Z) = C*, and each iterate Z; = 3o ;_;_, (PTYPM'P" is positive semi-definite with R(Z;) = C.
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The projected iterative algorithms (5.5) applied to the transport linear systems have been successful for accurate evalu-
ation of multicomponent diffusion matrices in nonionized gas mixtures [23,25,27,28,38]. When applied to partially ionized
mixtures, these algorithms have been found efficient at low ionization levels [36,44]. The convergence rates are insensitive to
the intensity of the magnetic when the whole complex part iG' is included in the splitting matrix M = M + iG’ as shown by
the estimate (5.8).

However, as investigated by Garcia Mufioz [36] for planetary atmosphere and reported by Giovangigli and Graille for high
temperature air [44], the corresponding convergence rates deteriorate when ionization levels increase and then convergence
becomes prohibitively slow. The solution of this problem requires introducing new formulations of the transport linear sys-
tems investigated in the following section. The stationary projected iterative algorithms will then be performed with the
new formulations.

5.3. Generalized inverses and conjugate directions

We consider in this section the transport linear system in the real singular case (2.8) under assumption (G,) and we write
z1 = zand g; = g. The matrix G is symmetric positive semi-definite, N(G) = Rz, (z1,g;) > 0, and we denote by Z the general-
ized inverse of G with prescribed nullspace N(Z) = Rg; and range R(Z) = gt. Letting Q = P' = | — g; ® z1/(g;, 1), we have the
relations GZ = Q,ZG = P, and Z is symmetric positive semi-definite. We now select z; € R" such that z; ¢ Rz; and define

=7y B, Gy (5.11)

(z1,81)

Note that (z,,g,) > 0 since (z;,g,) = (z2, Gz;) and z; ¢ N(G) = Rz;, and by construction we have (z,,g;) = 0 and (z;,g,) =0,
so that g, ¢ Rg;. We then introduce

8 ¥ g 2 ®2zy
G =G- , Zy=7— , 512
e A e 312)
P2:U7Z]®g]722®g2, 5 = 7g]®217g2®22 (513)

<Zlvg]> <227g2> <Zlvgl> <22=g2>7
and by a direct calculation we obtain that G,Z, = Q,,Z,G, = P,. Since (G,x,x) = (Gw, w) where w = x — z,(X,g,)/(z2, g,), it is
easily deduced that G, is positive semi-definite and N(G,) = span{z;, z; }. Proceeding similarly for Z, we obtain that Z, is po-
sitive semi-definite and N(Z,) = span{g;,g,}. In particular, Z, is the generalized inverse of G, with prescribed nullspace
N(Z,) = span{g,,g,} and range R(Z,) = span{g,, g, }". Letting a, = Z,b, b, = Q,b, we obtain after some algebra the new trans-
port linear system

{Gzaz =by,
(a2,81) = (G2,87) = 0.

It is easily checked that N(G;) & span{g;,g,}" = R" and b, € R(G,) so that that the system (5.14) is well posed from Prop-
osition 5.1. Its unique solution is thus given by a, = Z,b and the solution of the original system a can then be written

<22’b> 7
(2.83)

The main idea is that the projected iterative algorithm applied to the more singular system (5.14) may involve a matrix
P,T, with a lower spectral radius than that of PT by properly selecting z.

Let indeed G = M — W be a splitting with M and M + W symmetric positive definite and T = M~'W. The matrix T is sym-
metric with respect to the scalar product {(x,y) = (Mx,y) since {Tx,y) = (Wx,y) so that T has only real eigenvalues and a
basis of right eigenvectors orthonormal with respect to (, ). Moreover, p(T) C (-1, 1] since T is convergent. Let us assume
- as a typical example - that z; is an eigenvector associated with an eigenvalue 1 — € of T so that Gz; = eMz; with z; # 0.
Assume also that € is small so that this eigenvalue is the worse. All eigenvalues different from unity and different from
the isolated eigenvalue 1 — € are assumed to be in (—o, o) with 0 < o < 1 — €. From the spectral Theorem 5.3 we know that
1 — e is also an eigenvalue of the matrix PT with eigenvector Pz; and that all nonzero eigenvalue of PT are similarly nonunity
eigenvalues of T. Defining z, and g, as in (5.11), we have span{z;,z,} = span{z;, z;} and g, = Gz, = Gz;. Then z} can be taken
of order unity but g, = Gz5 = eMz; is small, say O(e). From the expressions (5.12) we obtain that G — G, = O(¢) and
Z—7, = O(1/€). Since G and G, are close, upon writing G =M — W and G, = M, — W,, T = M~'W, T, = M;'W,, where M
and M, are symmetric positive definite, we may let M, ~ M, W, ~ W. On the other hand, it is established [44,40] that

y(T) = sup {%;x € R x#0,(Mzq,x) = O},

7(7a) = sup {20l 0, (M 9 = (M) = 0.

(5.14)

a=4a+

(5.15)

This results from the symmetry of T with respect to the scalar product (x,y) = (Mx,y) since {Tx,y) = (Wx,y) so that
[(Wx, x)|/(Mx,x) is the corresponding Rayleigh quotient, with a similar argument for T,. Moreover, we have the relation
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{z1,23)) = 0 since these vectors are associated with different eigenvalues so that (Mz;,z;) = 0. The maximum value of the
Rayleigh quotient |[(Wx, x)|/(Mx, x) for y(T) is then obtained with x = z; since we have assumed that 1 — € is the worse eigen-
value. We then see that this bad eigenvalue 1 — € of T associated with the vector z; is eliminated when estimating y(T>) since
N(G;) = N(I — T;) = span{z;,z;} contains z;. More specifically, the relevant vectors to be considered for y(T,) are now
orthogonal to M,z; and M,z, and are thus orthogonal M,z;, and this excludes the vector z;. In addition, from Theorem 5.3,
all eigenvectors of P,T, associated with nonzero eigenvalues of P,T, are projections of eigenvectors of T, in such a way that
the components of such eigenvectors of T, along span{z;,z,} are eliminated by P,.

In the asymptotic situation where € is small, a connection may be made with deflation techniques that have been intro-
duced for solving invertible nearly singular systems. These methods separate the solution component along an approximate
nullvector from its orthogonal complement and have notably been investigated by Chan [14,15] and Stewart [69]. The frame-
work associated with transport linear systems is quite different since we investigate exactly singular systems, with a special
symmetric structure inherited from mathematical physics, and we are interested in symmetric generalized inverses and solu-
tion by stationary iteration techniques. Moreover the vectors under concern are eigenvalue of the iteration matrix T or equiv-
alently of the symmetric-definite pencil G — AM and not of the original matrix G. Nevertheless, we can make a parallel with
these techniques in the asymptotic situation where € is small since the projector P, has a larger nullspace than P and Z; is a
more stable component of the generalized inverse Z. We may then term Z, a deflated generalized inverse and similarly P, T an
iteration matrix with a deflated spectrum since the bad eigenvalue 1 — € in PT has been eliminated from P,T5.

In practice, however, the eigenvalues of T different from unity are not necessarily close to unity or either to —1. We may
still obtain a spectral radius of the iteration matrix p(P,T) significantly lower than the radius of p(PT) by eliminating the
worse eigenvalue, provided it is clearly separated from the other eigenvalues. To this aim, it is sufficient that span{z;,z;}
contain an approximation of the corresponding eigenvector. In other words, the spectrum modification can be very effective
and robust provided we can approximate the eigenvector associated with the worse eigenvalue and that the Rayleigh quo-
tients associated with T and T, are approximately similar. This will notably be the case for the transport linear systems asso-
ciated with multicomponent diffusion in partially ionized mixtures, even though the eigenvalues of the corresponding
iteration matrices are not close to unity or minus unity.

It is possible to generalize this construction and to expand the matrices G and Z into tensor products of conjugate direc-
tions. We may then introduce the corresponding more singular formulations of the transport linear systems [40]. This gen-
eralization may be used to suppress a group of worse eigenvalues of the matrix T. We summarize here this construction and
refer to [40] for more details and for the mathematical aspects.

Let z;,1 < i < n, be a basis of R" with z] =z, and define for convenience z; = zjg; = g,G1 = G,Z; =Z,P; =P,Q; = Q. One
can then construct inductively for k >

<Z;§7 g)>

Z =7z 2 Gy zj, g = Gz, (5.16)
Gi=Gp, %8 7 7 O% (5.17)
(zk; 8k) {2k, 81)

These vectors z;,g;,1 <i<n, are such that (z,g) >0,z =Z;_1g;,1 <i<n,(z,g) =0 if i +#j,1 <i,j<n Moreover, for
0<k<n we have the relations G.Zy = Qy,ZyGr = Py, where P, is the projector onto span{g,... ,gk}L parallel to
span{z,...,z}, and Q, is the projector onto span{z, ...,zJ}" parallel to span{g1 ..... , &} In addition, G, and Z; are symmet-
ric positive semi-definite, N(Gy) = span{zi, ..., z}, R(Gk) = span{zy, ... ,zk} ,and Z, is the generalized inverse of G, with pre-
scribed nullspace N(Z;) = span{g;,...,g} and range R(Z;)=span{g,...,g} . Finally, we have g = Gz, z =Zg;,2 <
i<n,gt =span{z,...,z,}, the directions z;,2 < i < n, are conjugate for G, the directions g;,2 < i < n are conjugate for Z,
and we have the decompositions

G— gz®gz7 7 Z Zl®zz. (5.18)
2<i<n <Zl'g' 2<i<n Z"g’

Letting b, = Q,b, we can then generalize the transport linear systems (2.8) and (5.14) - corresponding respectively to
k=1 and k =2 - in the form

Gyay = by,
{ e (5.19)
(ak,g) =0, 1<I<k.
This system is well posed, its solution is a; = Z;b, and we have the expansion
a=a+ Z (2.b) (5.20)

1<I<k (1, g'

5.4. Conjugate directions in the anisotropic situation

We consider in this section the transport linear system in the complex singular case (3.7) under assumptions (G,)(G,) and
we write z = z; and g = g;,. The matrix ¢ is in the form ¢ = G +iG, where G,G are symmetric, G positive semi-definite,
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N(G) = Rz;,G'z; = 0, and we denote by Z the generalized inverse of G + iG' with prescribed nullspace N(2Z) = Cg; and range
R(Z) = g+ + ig}. We have the relations GZ = Q, 2G = P, where Q = P' = | — g ® z/(g, z), and Z is symmetric. However, a con-
jugate directions expansion cannot be performed as easily as in the real case since the nondegenerate bilinear form (,) nat-
urally associated with complex symmetric matrices is nondefinite in C". We may indeed encounter breakdowns arising from
zero scalar product in the decomposition into conjugate directions. In order to avoid such problems we have to restrict the
vectors z;,1 < i< n, to be real vectors.

Let thus assume that z; =z} and z; € R", z; ¢ Rz, and define z, and g, by letting

_ *_(szgl) _
7 =17} —(Zhg])zl, g = Gz3. (5.21)

Then we have z, € R", g, € C",(z2,g;) = 0, (g3,21) = 0, R(22,8,) = (Gz2,22) # 0 since z, ¢ N(G) = Rz;. Moreover Zg, =

ZGz, = z; since (z2,g;) = 0 and span{z;,z,} = span{z;,z;}. Defining then

gzzg_gz(@gz7 3222_22@322’ (5.22)
(z2,82) (22, 82)
0,—1 - 81%%n _&8n 5, n08 20 (5.23)

(Zl,g1) (Z2vg2)7 (Zhgl) (ZZ»gZ),

a direct calculation yields the relations G2, = Q;,2>G> = P», and P, is the projector onto span{g,,g,}" parallel to
span{zi,z,}, Q is the projector onto span{z;,z,}" parallel to span{g,,g,}. After some algebra it is shown that Z, is the gen-
eralized inverse of G, with prescribed nullspace N(Z,) = span{g;,g,} and range R(Z,) = span{g;, g, }". Letting b, = Q,b, we
obtain the new transport linear system

{Qzaz =by,
(a2,81) = (az,g,) = 0.

This system is well posed and its unique solution is given by a, = Z,b and the solution of the original system a can be
written

(5.24)

(22’ b) z
(227 g2) 2

One may investigate more closely the structure of the matrices R(G,) and 3(G,) when 3(G;) = G' is in the form G' = QD'P.
After some lengthy algebra, thanks to z; € R", one can establish that

a=a,+ (5.25)

Gz; ® Gz I, ®1)
<G22,Zz> <G22,Zz>n’lz7
3(92) = (ﬂ —51®2z21 —5 ®Zz)'D’(ﬂ —21®81 — 23 ®Sz)./

R(G2) =G -

where m? = (Gz3,22)* + (G'z2,22)*, D' is the diagonal matrix such that G =QD'P, and where 1, = (Gz,2,)Gza—
(GZz, Zz)G/Zz, S1 = g1/<Z1 , 81 >52 = (mGZz + (GZZ7 Zz)GZz + (G/ZZ, Zz)G/Zz)/m(m + (GZZ7 22)). As a consequence, 3(92) shares a sim-
ilar form with 3(G;) and the inverse of M + i3(G,) is easily expressed in terms of the inverse of M + iD’ as described in Giov-
angigli and Graille [44]. These expressions simplify when (G'z;,z,) = 0 and m = (Gz,,z,) which sometimes happens in
practice.

As in the real case, upon introducing the splittings G = M — W and G, = M, — W,, and the corresponding iteration matri-
cesT = MW, T, = Mgl W,, we may expect the spectral radius of the iteration matrix 7,7, to be lower than that of P7 by
properly selecting the vector z; by eliminating any isolated worse eigenvalue of 7. This procedure can also be generalized as
in the real case provided that z;,1 < i < n, form a basis of real vectors but the details are omitted and we refer to [40].

6. Orthogonal residuals algorithms

Conjugate gradients-type methods - used with preconditioning - are among the most effective iterative procedures for
solving Hermitian systems [46,49,54]. Projected conjugate gradients methods have been introduced in particular to solve
real symmetric constrained singular semi-definite systems arising from multicomponent transport [23,25,28,38]. For general
linear systems, however, one cannot obtain short recurrence algorithms which globally minimize some error norm over the
corresponding Krylov subspaces unless the matrix has certain rather special spectral properties [30]. Complex symmetric
systems have been investigated motivated by electromagnetic applications [3,31,33,34,43,44]. In particular, projected
orthogonal residuals algorithms have been investigated in order to solve the complex symmetric constrained singular sys-
tems arising from magnetized multicomponent transport [31,43,44]. These algorithms reduce to projected conjugate gradi-
ents methods in the absence of magnetization, that is, when the imaginary part of the system matrix vanishes.

We investigate in this section orthogonal residuals techniques and the links with expansions into conjugate directions
obtained in the previous section.



V. Giovangigli/Journal of Computational Physics 229 (2010) 4117-4142 4129
6.1. Projected orthogonal directions

We consider a matrix in the form G = G + iG’ where G, G’ are real symmetric matrices, G is positive semi-definite and
G'N(G) =0, a vector b € R(G), a subspace C ¢ R" complementary to N(G) and % = C + iC. The projector onto % parallel to
N(G) +iN(G) = N(G +iG') coincide with the projector onto C parallel to N(G) and is denoted by P. The projected precondi-
tioned orthogonal residuals algorithm can be described as follows [31,44].

Assume that M € R™" is hermitian positive definite. Let z, € C", be an initial guess, zy = Pz, 1y = b — Gzj, py = PM™'rj. If
(9P Py) = O we stop at step 0, whereas if (Gpy, py) # 0 we define a; = (15, Py)/(GPo, Po), Voo = (GM ™' GPo. Po)/{GPp, Py). and
Py = PM ' Gply — VoD, 2 = Zy + G4py, and 1, =1y — 04Gp,. Assume now by induction that for k > 1 we have defined
{DiYo<icks {ZiYosichor T Yosickr Wit TTocicr 1(9P},b}) # 0,17 = b — Gz,,0 < i< k, and

(M'rr) =0, 0<j<i<k, (6.1)
(Gpi,p;) =0, 0<j<i<k, (6.2)

(r,p)) =0, 0<j<i<k, (6.3)
(6.4)

(6.5)

i = span(r}, ..., r}),=span(r},...,(GM™")'ry), 0<i<k,

0
K, =span(p),...,p)) = PM'K;, Ki=HK,, 0<i<k,
where dim(K;) =i+ 1 for 0<i<k—1 and where H=1-3, .,z ®Mz and (yy),;, is the inverse of the matrix

((Mzi, 7)), _;., and dim(K;) = dim(Kf) =i+ 1 for 0 <i < k — 1. Then (Gp;, p;) = 0 if and only if rj, = 0 and in this situation
we stop at step k. On the other hand if (Gpj, p;) # 0 we introduce the solution vy, ..., V}, of the linear systems

(GP, Py) Vio (GM™" Gp;., po)
(Gpo. P1)  (9Ph.PY) | % _ (GM™'Gp., py) | ©6)
(G0 PL) (9PLDPL) - (9Pl D) )\ Vige (GM™'Gp;. pl)
we define g} = (1}, p;)/ (9P}, P}) and we set
Pt = PM 'GP = 3~ Vigbjs Ziny =Zc+ OuPls Tioq = T — 045D} (6.7)

ogj<k

Theorem 6.1. The projected preconditioned orthogonal residuals algorithm is well defined and converges in at most rank(G) steps
towards the unique solution a of Ga = b and a € . Moreover, the iterates z,k > 1, are the projections of the iterates z;,k > 1, of
the corresponding unprojected algorithm [44].

When the magnetic part G’ vanishes and G = G is symmetric positive semi-definite we recover the projected version of
the preconditioned conjugate gradient algorithm [31,28] and other preconditioning techniques are discussed in Giovangigli
and Graille [44].

6.2. Conjugate directions versus conjugate gradients

When applied to a symmetric positive semi-definite matrix G the projected orthogonal residuals algorithm yield the pro-
jected conjugate gradient algorithm for singular systems [31,44]. Starting form x, = 0, the approximate solution is then ob-
tained in the form

. (5, Do) , (. pp)
Pomr ot TP
% (Gpo, Pp) H(Gpi.p)
where [ + 1 is the dimension of the subspace spanned by the vectors (GM~')*b, k > 0. Thanks to the symmetry of G we have
the classical relations (r}, pj) = (r,p;) = (b,p;) where b =P'b =ry in such a way that the generalized inverse Z has been
approximated in the form

Po®Py ., PI®D

(Gpo. o) (Gpip})
An important difference with the expansion into conjugate directions (5.18) is therefore that the fixed
subspaces span{z,...,z},k > 1, have been replaced by the projected preconditioned Krylov subspaces

PM™! span{b, ..., (GM™")'b},i > 0, which depend on b. In addition, the algorithm associated with the expansion (5.18) s lin-
ear whereas orthogonal residuals algorithms are non linear. Finally, we obtain with the orthogonal residuals algorithm the
important relations (M’lr;, 1) = 0,0 < i,j < L Since the more singular formulation is associated with a decomposition of the
generalized inverse Z in the form
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Z; ® 2
_2%n g
Canma) 2%

we also conclude that using the more singular formulation (5.14) (5.15) with projected conjugate gradients then constrain
the first projected search direction pj to be the vector z; and the subsequent directions are next chosen in the Krylov sub-
spaces associated with G,. Using the more singular formulations thus automatically leads to deflated conjugate gradient
techniques introduced to solve invertible nearly singular systems [68]. Note however, that the framework associated with
transport linear systems is quite different since we consider exactly singular systems, that we are interested in a con-
strained solution obtained upon projecting the search directions, and that in practice the vectors z, are not quasi
nullvectors.
Similarly, in the complex magnetized case, starting from z, = 0, the approximate solution is then obtained in the form
/{10, Po) o (1 pp)
PotGop.my P Gprpp)
where [ + 1 is the dimension of the subspace spanned by the vectors (gM’l)kb, k > 0. When g is not Hermitian, we do not
have a simple relation between (r/, p;) and (rg, p;) where ry, = Pb = b. The more complex relation between (r}, p;) and the sca-
lar products (rg, py), - - -, (g, p}) is investigated in [40]. However, when z, is a real vector, we have (Gz,,z,) = (Gz,,2,) and from
the decomposition

(6.8)

Z) ® Z)
(Gz2,22)
we conclude that using a projected orthogonal residuals algorithm with the more singular formulation (5.24) (5.25) con-

strain the first projected search direction p, to be the real direction z, and the subsequent directions are next chosen in
the Krylov subspaces associated with G,.

Z = +Zz,

7. Application to diffusion matrices

We investigate in this section the use of stationary iterative techniques in order to evaluate multicomponent diffusion
matrices. Evaluating diffusion coefficients is usually required for implicit time marching techniques. We discuss the expan-
sions of diffusion matrices obtained by using projected iterative algorithms with both the natural and the more singular for-
mulations of the transport linear systems. We also consider first order and higher order diffusion matrices as well as
isotropic and magnetized mixtures.

In order to assess the accuracy of the resulting algorithms, numerical experiments are performed with high temperature
air. The corresponding mixture is constituted by the n® = 11 species Ny, 05, NO, N, O, N;, 05, NO*, N*, 0, and e. The Ther-
modynamic properties have been estimated from Gupta, Yos, Thomson and Lee [48] and the collision integrals from Wright,
Bose, Palmer, and Levin [71]. We have considered typical mixtures with

Xn, = Xo, = Xno = XN = Xo = 0.2(1 — 10x),
XNZ- :XOZ\ :XNO’ :XN‘ ZXO\ =X, Xe ZSX,

and the ionization parameter x is such that 0 < x < 0.1. The corresponding ionization level or degree is then X. = 5x. The
accuracy of the asymptotic expansions is investigated as depending on the ionization parameter x and the intensity of
the magnetic field B. The species mass fractions are denoted by y,...,y, and are such thaty, >0,ke S, and >, sy, = 1.
In all the numerical experiments, the pressure is taken to be p = 0.1 atm and the temperature T = T, = 10,000 K. Using other
pressures or temperatures would not significantly modify the accuracy of the asymptotic expansions. Similar results have
also been obtained for other choices of the mixture mole fractions.

7.1. The real first order matrix

We investigate in this section the evaluation of the first order diffusion matrix Djoo. The corresponding n® systems pre-
sented in Table 1 are of size n = n® and in the form

D _ pDk
Ao, = D kes (7.1)
Dy o ’ :

<a[d0]’ y) - 07
and the first order diffusion coefficients are then evaluated from

Dioj = (apy bito), k.l€S. (7.2)

The Stefan-Maxwell matrix 4 can be written [13,32,38,39]
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XkX[ kal
A :E , keS8, dy=- , kleS8S, k#1,
. = Du . Dy
1 #k

where X, ..., X}, are the species mole fractions, Dy, k, | € S, the species binary diffusion coefficients, and the constraint vector
y is the mass fractions vector y = (y;,...,)5)". The matrix 4 is symmetric positive semi-definite with nullspace
N(A) = Ru,R(4) = u*, where u = (1,...,1)" € R",2diag(4) — 4 is positive definite when n* > 3 and 4 is a singular M-matrix
[38,62]. The right hand sides b[%’;,J,k € S, are given by

bigy =€ —y, kes,

where e¥ k € S, are the standard basis vectors of R* and b[%ko]i =6 — y;, 1,k € S. Since bﬁ)ko] € R(A),k € S, and (u,y) =1, the
transport linear systems (7.1) are well posed and from Dgg; = <Aaﬁ,g]7a%0]) and the symmetry of 4, we obtain the symmetry
of Dyog). We also have Do = (aiy, b)) = (as, ') since (ag,y) = 0 and Dioops = aighy, = iy The transport linear systems
(7.1) imply the matrix relations 4Dy, = Q, and Diogy = 0 where Q = I —y @ u = [bigy,. . .., bigy]. After some algebra it is easily
obtained that Djoy is the generalized inverse of A with prescribed nullspace Ry and range y* and for « > 0 we have
Dpoj = (4 + oy ®y)™" — (1/o)u @ u [37,38].

As adirectapplication of Section 5, from the convergence of the projected iterative algorithm applied to (7.1), or equivalently
from the expansion of generalized inverses (5.10), we deduce that upon using the splitting 4 = M — W, with M = D and

D:diag< An ,...,1“_"’;’ ) (7.3)

and letting T=M 'W and P = Q' = 1 — u®y, we have the convergent asymptotic expansion [38]

Do = Y (PTYPM'P". (7.4)

0<j<oo

In the first term PM~' P the matrix M~' corresponds to the Hirschfelder-Curtiss approximation and the projector operation P
to the addition of a species independent mass conservation corrector [38,64,65]. The next approximation of Djgp) with two terms
is more interesting since it is much more accurate and still yields (n%)? coefficients within O( (n°)*) operations [29,38].

The rescaled errors of the various iterates associated with the classical expansion (7.4) are presented in Fig. 1 for the ion-
ization parameter x =10"%x=10", and x =102 These errors are calculated with the Frobenius matrix norm
A2 = i Kna?j and rescaled by the initial error. We can see that the convergence rates deteriorate as the ionization param-
eter x increases as first investigated by Garcia Mufioz [36] for planetary atmospheres. In particular, the convergence behavior
for x = 1072, one of the worse case encountered, is not satisfactory.

We also investigated a splitting matrix M taking into account the line and column corresponding to the electron in 4.
Assuming that the electron is the n°th species, this matrix M is defined by M = Dj if i # n° and j # n°, and M;; = 4;; otherwise.
However, it only marginally improved the bad convergence rates observed with increasing ionization levels, suggesting that
the small coefficients in 4 and the large coefficient in Djoo associated with electron [42] are not at the origin of the problem.
This has been confirmed by investigating the heavy species first order diffusion matrix associated with nonequilibrium mod-
els — where the electron species is simply suppressed — which yielded similar results as those presented in Fig. 1.

In order to improve the convergence rates for increasing ionization levels, we have used the more singular formulation
(5.14) with the vector u3 defined by (uz), =1 if k € 7 and (u;), = 0 otherwise, where Z denotes the set of ionized species.
Letting y, = > the resulting vector u, is such that (u;), =1—-y, if ke Z and (u), = —y, otherwise. Defining u; = u,
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Fig. 1. Reduced errors of first order classical approximate diffusion matrices for various ionized mixtures; B x =107 o x =107, and 4 x = 1072,
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y1=Y,ya = Auz, 42 = A =y, ®y,/(u2,y2)(Doo); = Diooj — u2 ® u2/{u2,y,), we then have 45(Dpgg), =Q, where Q, =Q-
uz ®y,/{ua,y,) and N((Dpqg),) = span{y;,y,}. The more singular formulation associated with (7.1) can then be written

D D
A3(agy); = (bigy))2
Dy Dy
<(a[o/o])27>’1> = <(a[0’0])2,y2> =0,

where (b)), = Q;bg, and (Do), may equivalently be defined by (Dio)y = <(a[[(’)k0])2,(b%0])2> =0,k,l € S. We next set
Ay = My — W,, where M, is a diagonal matrix, as for instance M, = D, with

D, :diag< (42)1 ("2)“5~"5(y ) ) (76)
2)ns

kes, (7.5)

1- (1) —(Y2)17m71 = (Y1) —

When all mass fractions are positive the coefficients (4,),, and (Q,), =1 — (y1), — (v2), are always positive provided
there are at least two neutral and two ionized species in the mixture. Upon letting T, :M;lwz and P, = Q§ =10-
ur ®y;/{u1,y;) — uz @ y,/{u2,y,) we have the expansion

uz ® up
[00] = {

+ Y (PT2YPM, Py (7.7)

uz, y2> 0<j<oo

The resulting errors of the successive approximations are presented in Fig. 2 for the ionization parameter
x=10"*x=1073, and x = 102, These results show the much better convergence behavior of the modified iterates (7.7).

An eigenvalue analysis indeed reveals that there is one relatively isolated bad eigenvalue of the matrix T associated with
the classical expansion (7.4) when the ionization degree increases. The corresponding eigenvectors further suggest the use of
the vector u; defined by (uy), =1 if k€Z and (uz), =0 otherwise. That is, this eigenvector is approximately in
span{u},u3} = span{us, uz}. This eigenvalue may be associated with the small values of the binary diffusion coefficients be-
tween positively charged ions as already analyzed by Garcia Mufioz [36]. This also explains why bad convergence rates are
still observed for the heavy species diffusion matrices without electron. In Fig. 3 are then presented the errors associated
with the classical and new expansions of the heavy species first order diffusion matrices for x = 102, This figure confirms
that the modified formulation also improve the convergence rates for the heavy species first order diffusion matrices.

Finally, using a more singular formulation with the matrices 43 and (Djop); and a nullspace of dimension 3 did not sig-
nificantly improved the convergence rates. After elimination of the worse eigenvalue of T there usually remains a group of
several ‘quasi largest’ similar eigenvalues in T, which cannot be taken into account with one single extra nullspace vector.

7.2. The complex first order matrix

We investigate in this section the evaluation of the first order magnetized diffusion matrix Djs + iD o The first order
diffusion matrix parallel to the magnetic field can be evaluated as in the previous section. The corresponding n® systems pre-
sented in Table 2 are of size n = n® and written

. D, D,
(4 +id)agy = by,

Dy

kes, (7.8)
<a[oo]7Y> =0,

where i =—1 and A’ is the magnetized part of the complex Stefan-Maxwell matrix. This matrix is in the form
A =(-y®u)D'(l —u®y)and D is the diagonal matrix such that D}, = nyq,B/p where B denotes the intensity of the mag-
netic field, ny, k € S, the species mole per unit volume, gq,, k € S, the species molar charges, and p the pressure [43]. The first
order diffusion coefficients are then evaluated from

100 T T T T T T
102F e
[ ]
— - A
[ —4 L E
= 10 ° .
u
° A
1076 1 -
[ ] L] 4
A
10-8 . I . I L] I .
0 2 4 6 8
Iteration

Fig. 2. Reduced errors of first order new approximate diffusion matrices for various ionized mixtures; M x =107, e x =107, and 4 x = 1072,
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Fig. 3. Reduced errors of heavy species first order approximate diffusion matrices for x = 107%; e classical expansion with 4, M new expansion with 4,.

DE)O]kI + iDﬁ;O]kl = <a[[())'b]ab[%01>7 k,lesS. (7.9)

The symmetry properties of D[loo] and Dy as well as the nullspace and range of D[fm]k, + iDﬁ’)O]k, are derived as in the real
case and the details are omitted. As in the isotropic case, the transport linear systems imply the matrix relations

(4+i4") (D +1iDjgp) =Q and (Djgg +iDjgg)y = 0. The matrix 4 +id" is such that N(4+id') = Cu,R(4+id') = u*+
iu{D[to] + iD‘fO‘O] is the generalized inverse of 4 + i4" with prescribed nullspace Cy and range y* + iy*, and for o > 0, we have
Digg + Dy = (A +id + oy @y)™ = (1/o)u @ u [43].

As a direct application of the stationary iterative algorithms introduced in Section 5, we deduce that, upon using the split-
ting 4 +id' = M — W where M = D +iA’ and D is the diagonal matrix (7.3) and letting 7 = M~ "W, P=P=1—-u®y, we
have the convergent asymptotic expansion

o] j -1
Digo +iDgg = > (PTYPM'P".
0<j<oo

Since 4" = (I —y®u)D'(I —u®y) and D' is diagonal, the inverse of the matrix M = D + i4’ is easily expressed in terms of
the inverse of the diagonal matrix D + iD’ and the iterates are easily evaluated [43,44]. Various approximations can then be
obtained by truncating this convergent series. The first approximation PAM~'P' generalizes the Hirschfelder-Curtiss approx-
imation with a mass corrector to the magnetized case [43]. The errors associated with the classical expansion are similar to
that of Fig. 1 and are omitted.

In order to improve the convergence rates for increasing ionization levels, we have used the more singular formulation
(5.24) with the vector u,. Note incidentally that the simplifying property (4'u,,u;) = 0 holds when the total charge is zero.

Defining ur = u,y; =vy,y, = (4 +id)uz, (4 +id"), = (4 +i4") -y, @ y2/(u2,y>), and (D[to] + iDESo])z = (D[EO] + iDt%o]) — w2 ®uy/
(u2,y,), we have (4 +i4"),(Djgy + D), = Q2 Where Q, = Q—u; @y,/(uz,y,) and N((D[to] + iD‘ﬁ;O])Z) = span{y;,y,}. The
more singular formulation can then be written

(4+id),(a%), = (bigh)a-

((a[%’b])zayl) = ((0%6])21)’2) =0,

where (b)), = Qb and (Djgy + iDjgy), may equivalently be defined by (Djgg + Dy )o = <(a'[f)k0])2, (b%01)2> =0,kles.

kes, (7.10)

Upon letting (4 +i4'), = My — W, and M, = D, + i4’ where D, is the diagonal matrix (7.6), and T, = M;'W,, P, = @}, =
I —ui ®y;/(u1,y;) — uz ®y,/{uz,y,), we have the expansion

1 o) uz ® up
Digo) +Djgg) =

+ P T, Y PM; P 7.11
) © oo PITITMT 7

The errors corresponding to the new expansion are presented in Fig. 4 for x=10"* x =103, and x =102 and
B = 10> mT. The errors are calculated with the complex Frobenius matrix norm |JA|* = i _J-gn\aij\z and are rescaled by
the initial error. These results show the good convergence behavior of the modified iterates (7.11).

7.3. Higher order diffusion matrices
We investigate in this section the evaluation of higher order approximations of diffusion matrices, also accounting for the

energy of the molecules. The corresponding n® linear systems presented in Table 1 are of size n = 2n® + n?, where n? denotes
the number of polyatomic species, and are written



4134 V. Giovangigli/Journal of Computational Physics 229 (2010) 4117-4142

100 . T T T T T
—2 L A .
10 3
A
.
S 104} " 1
w °
A
.
106 ' 4 b
L4 A
| |
108 . 1 . 1 . L Y
0 2 4 6 8
lteration

Fig. 4. Reduced errors of first order magnetized new approximate diffusion matrices for various ionized mixtures and B = 10° mT; M x = 10" e x = 103,
and a x =102

Dy _ 1D
La*=b% s (7.12)
<aDk7y>:07

The diffusion coefficients are then given by
Dy = (a®,b"), kiles. (7.13)

The coefficients of the matrix L are intricate expressions involving collision integrals and internal energy relaxation times
that are detailed in references [23,43]. The matrix L is symmetric positive semi-definite, N(L) = R¢/,R(L) = ¢4*, and 2db(L) — L
is positive definite when n°* > 3. Upon partitioning R*”*" into R"” x R™*™, the nullspace vector , the constraint vector ),
and the right hand sides b’k € S, are given by

_ (¢ _ (Y Dy __ bl[—z)%]
Z/{7<0), y7<0), b (O , kesS, (7.14)

where 0 denote the zero vector in R”*", and u, y, bﬁ)';)], k € S, have been defined in the previous section. The right hand sides
b k € S, can also be written

b =ek—y kes,

where ek, k € S, are the standard basis vectors of R2"+"_ Since b” ¢ R(L),k € S, and (U, Y) = 1, the transport linear systems
(7.12) are well posed and from Dy = (La®,a”) and the symmetry of L, we deduce the symmetry of D. We also have
Dy = (aP,b™) = (aP, ') since (a%,)) = 0 in such a way that Dy = a* = a', 1 < k,1 < .

Upon defining the blocks a® = [a®, ..., aP*] and b° = [b™', ... b"*), the linear systems yield the matrix relations La® = b”
and )'a® = 0. We introduce the rectangular matrix IT = (I,5,©)" € R*"*"™ the projectors Q=P =1, -YU,Q =
P' = l,s — y ® u, and we have the block decompositions

D D D Q o Uns _ Q Ot
‘ (X) b *<0>7 H*(O>7 Q(o u) (7.13)

where O denotes the zero matrix in R™ "™ X a matrix in R™*™", and [, the unit matrix of size s. Denoting by Z the general-
ized inverse of L with nullspace ) and range Y*, we have LZ = Q, ZL = P,N(Z) = RY,R(Z) = Y*, and @’ = 2Zb’ ke S. Asa
consequence, we have b® = QIT,D = I1'a®, and a® = Zb® = ZQIT = ZI1, so that D = IT'a® = IT'Z11.

Projected stationary iterative algorithms can be used for solving (7.12) with splittings in the form L = M — W and
M =db(L) + diag(o1,...,0,) [23]. We then have the convergent asymptotic expansion

a® =" (PTYPM D, (7.16)
0gj<oo

and the higher order matrix D is then evaluated from D = IT'a®. The iterates (aY, j > 0, satisfy (a®y"" = PT(a®) + PM'D°
and only involve the product of the matrix PT € R 274" py (aPy ¢ R®"+"™ The iterates can also be deduced from the
expansion (5.10) of the generalized inverse Z since a® = Zb® and b” = Qb. Using b° = QI1, we also obtain the identity

D= nf( > (W)fPM1Pf> 1,

0<j<oo

but the iterates must be taken on the block a” prior to evaluate D.
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In order to improve the convergence rates for increasing ionization levels, we have used the more singular formulation
(5.14) with the vector U, defined by

Uy — <;2> (7.17)

where u; € R® has been defined for first order matrices. Upon letting Uy =U, Y1 =Y, Vo =Ly, Ly =L -V, @Y,/
<Z/{2,y2>, Zz =Z— Z/IZ ®Z/{2/(Z/{2,y2), and ag = aD — Z/{z & u2/<L[2,y2), we have LzZz = Qz, a2D = Zsz, bg = szD where Qz =
Q — V2 @U>2/{U2,Y>) and N(Z,) = span{Y1, ), }. The more singular formulation can then be written

{ Lzagk = bgk,
<agk7yl> = <agk7y2> = 07
Letting L, = My — W, My = db(L,) + diag(ay,...,0,), where a;,1 < i< n, are nonnegative weights, 7, = M;Wz and

kes. (7.18)

Py =0h =1—U; @V1/({Ur, V1) — Uz @ V2 /{Ua, V), We have the expansion
@ = > (PyT2yPaM;'b;. (7.19)
0<j<oo

Finally we have D = uy ® uy/(Ua, V,) + IT'd3 or equivalently

uy @ up ¢ j 1t
D=——<°=41]TI PorT oY Po M5 P5 I, 7.20
U ) Y (PaT2)PaM;' Py (7.20)

0gj<oo

Only these modified formulations yield satisfactory results for all ionization levels. The resulting errors of the successive
approximations of D are presented in Fig. 5 for the ionization parameter x = 10~ x = 1073, and x = 1072. In the numerical
experiments, the matrix L has been evaluated following the approximations presented in [23]. The rotational relaxation
times for internal energy of the polyatomic ionized molecules have been approximated as the relaxation time of the corre-
sponding neutral molecules [1]. The results presented in Fig. 5 show that good convergence rates are also observed for higher
order matrices. The improvement of the convergence rates is exhibited in Fig. 6 where the convergence history of the expan-
sions obtained from L and L, are presented. We have also experimented the more singular formulation with the matrix L;
and various vectors U3 but no significant improvements have been obtained. The errors presented in Fig. 6 corresponds to
the vector U3 = (Ops, up,0,)" with straightforward notation.

In the magnetized case, we have to solve the n® complex systems

(L +iL')aP = b,
(a%,y) =0,

where ' = (1 - YU)L'(1—U®Y), and L' is a diagonal matrix given in [43]. The matrix L +iL’ is complex symmetric,

N(L+il") = CU, and R(L +iL") = U* + i4*. Introducing the generalized inverse Z of L +il" with nullspace CY and range

Y* +iY* we have as in the real case the relations b” = QIT, a® = ZII. Upon using splittings in the form L + i’ = M — W with
M =db(L) + diag(ay, ..., d,) +iL’, we obtain the expansion

kes, (7.21)

D' +iD" = H( > (PT)jPMlPt> ',
0<j<oo

but the convergence rates of these expansions decrease as ionization levels increase. As in the real case, we have to use a

more singular formulation in order to obtain a better convergence behavior for higher ionization levels. These expansions
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Fig. 5. Reduced errors of higher order new approximate diffusion matrices for various ionized mixtures; B x =107, e x =107, and a4 x = 1072,
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Fig. 7. Reduced errors of higher order magnetized new approximate diffusion matrices for various ionized mixtures and B =10’ mT;
Mx=10"*ex=10"> and 4 x=102.

are similar to those of the real case and the details are omitted. The resulting errors of the successive approximations of
D* +iD® are presented in Fig. 7 for B=10° mT and x = 10, x = 1073, and x = 1072, These results show that the good con-
vergence rates observed for isotropic higher order matrices also hold for magnetized higher order matrices.

The higher order effects usually have a minor impact on the diffusion matrix of neutral species mixtures [23]. They have a
more important impact, however, on ionized mixtures. Our numerical tests for high temperature air have shown that the
relative error in matrix norms ||D' — Do, [|/[[D"[|, |D* — Digg [I/[ID*||, and [|D” — Dy [|/[|D"[|, can be large for ionization levels
above 1072, In addition, higher order effects due to the energy of the molecules are always important, even for weakly ion-
ized mixtures, in order to evaluate the electrical conductivities [6,8-10,32].

8. Application to thermal conductivity and Stefan-Maxwell equations

We investigate in this section iterative techniques in order to evaluate the thermal conductivity coefficients and the spe-
cies diffusion velocities. Both problems can be solved by using generalized conjugate gradient techniques. We consider both
the isotropic case as well as the nonisotropic magnetized case. In order to assess the accuracy of the resulting algorithms,
numerical experiments are again performed with high temperature air. In contrast with stationary techniques, it is found
that generalized conjugate gradient techniques are efficient for all ionization levels and magnetic field intensities.

8.1. Transport linear systems associated with 4 and y

The linear system associated with the thermal conductivity presented in Table 1 is of size n = n® + n? and written in the
form

Ad* = b, (8.1)

where the coefficients of the matrix A are intricate expressions that are detailed in reference [23]. This system can directly be
obtained from a variational formulation in the isotropic as well as in the magnetized case [24,43]. The matrix A is symmetric
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positive definite [23] and the thermal conductivities and the thermal diffusion ratios are evaluated from the following prod-
ucts [23,43]

=Ry, =1, 82)
where L% is the upper right block of L of size n® x (n° + n?) in such a way that L has the block decomposition
A LOO).
L= <LZOO 1 > (8.3)

The coefficients of the matrices L°** and L°** = (L°°*)" are given in [23] and the rescaled thermal diffusion ratios % are also
obtained from the rescaled version L% of the block [°” [29]. More specifically, if L% is the matrix such that
diag(Xy, ..., Xus)L%% = [% then we have X;7; = y;,i € S, where ¥is evaluated from 7 = [%%a".

In the nonisotropic case, the linear system associated with the thermal conductivities presented in Table 2 is written in
the form

(A+iA)a’ = b, (8.4)

where A’ is a diagonal matrix given in [43]. The thermal conductivities and the thermal diffusion ratios are then given by the
following products

j,l +l} :¥<a,’.,b2>’ XL"FIXU :L()O/la/i7 (85)
and the rescaled thermal diffusion ratios are similarly obtained from the rescaled block L% [29].

In the numerical experiments, the matrices A, A’ and L° have been evaluated as described in Section 7.3. The isotropic
systems (8.1) have been solved with a conjugate gradients technique and the magnetized systems (8.4) by using an orthog-
onal residuals technique. In both situations, a diagonal preconditionning matrix has been used. In Fig. 8 are presented the
convergence history for various values of the jonization parameter x = 10™*,x = 10, and x = 10~? without magnetization.
The errors are defined by |1 — 7¥|// where 4 is the thermal conductivity and 2* the kth iterate. In Fig. 9 are presented the con-
vergence history for x=102 and B=10°mT for i=4al,2, and A°. The errors are defined similarly by
|2 — 20k 220 12t = 24K /25, and |A® — 2°K|/|4°|. These figures shows the good behavior of the generalized conjugate gradient
techniques for all ionization levels and magnetic field intensities.

The numerical simulations with partially ionized air have also shown that three iterations are generally required in order
to evaluate the thermal diffusion ratios with a good accuracy whereas two iterates are generally sufficient for the thermal
conductivities.

8.2. Stefan—-Maxwell equations

When an explicit time marching technique is used to compute a multicomponent flow then only the diffusion velocities
are required. When fractional steps are used, the diffusion velocities are also sufficient if the ‘diffusion time step’ is taken to
be explicit. In this situation, some type of Stefan-Maxwell equations can be solved by using orthogonal residuals algorithms
and the evaluation of the diffusion coefficients can be avoided.

The particular form of the Stefan-Maxwell equations depends on the order of accuracy of the diffusion velocities and on
magnetization. As a general rule, the Stefan-Maxwell equations are easily derived from the transport linear systems upon
multiplying on the right by the proper diffusion driving force vectors.

100 T T T T T T
n

1072 1 . b
S o4t - 8
w 1

1076 | . g

L}
10_8 N 1 s 1 s 1 s
0 2 4 6 8
Iteration

Fig. 8. Reduced errors for conjugate gradient approximate thermal conductivities 4 and various ionized mixtures; B x =107 e x =107, and 4 x = 1072
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Fig. 9. Reduced errors for orthogonal residuals approximate thermal conductivities /', 7*, and 4° and x = 1072

In the real isotropic case, multiplying on the right the system (7.1) by the species diffusion driving forces vector d;, and

Summing over k, letting Voo = (viOOJh e ,Viooms‘)[, d= (d], . ,dns)r, and Viooi = 7ngSD[00]l‘fd]" we obtain the classical Stefan-
Maxwell relations
—Avy =d -y d,
i (8.6)
(Voo y) = 0.

The right-hand side Qd=d -y} .d, is the constrained diffusion driving forces vector whose components
d; —y;(d,u),i € S, sum up to zero. The corresponding equations with Soret effects are obtained in a similar way by using
the modified diffusion driving forces vector d + yVlogT where y = (y;,..., )" is the thermal diffusion ratios vector. The
Stefan-Maxwell equations can then be solved by a projected conjugate gradient method in each spatial direction.

In the nonisotropic case, a complex form of the Stefan-Maxwell equations is obtained [43] by multiplying the system
(7.8) on the right by the complex vector d, —id; and summing over ke S. Letting Viso, = (Vg - - Viogpee)' and
Voo, = (Vaots - -+ Vipgs)'» the complex form of the Stefan Maxwell equations is found in the form [43]

—(A+14)(Vigo) — iVipg) = d; —id; —y>(d; —id)),
' ics (8.7)
(Vig — I¥jog,y) = 0.

The proper modifications of the complex Stefan—-Maxwell equations in the presence of Soret effects correspond to includ-
ing the temperature gradient terms in the diffusion driving forces as discussed in [43]. The nonisotropic magnetized Stefan—
Maxwell equation can then be solved by an orthogonal residuals method in each spatial direction [43,44].

The Stefan-Maxwell equations between the species diffusion velocity vectors Vg1, ..., Vjogms, and the diffusion driving
forces dy, ..., d,s, that are vectors of R?, only involve scalar coefficients. Upon decomposing these vectors with the canonical
basis of R?, and it is sufficient to consider the case of scalar diffusion velocities Vigoy1,. . ., Vjogpns and scalar diffusion driving
forces d,, ..., d,, real for isotropic systems, and complex for magnetized systems. In the numerical tests, we have arbitrary
selected a scalar diffusion driving force vector proportional to the charge per unit volume (Xiq,,...,Xusq,s)". Other arbitrary
selected diffusion driving forces yielded similar convergence behavior.

In Fig 10 are presented the convergence history without magnetization B=0 for the ionization parameter
x=10"*x=1073, and x = 1072. The errors are defined by [|vioo — VOO I/ Ivioo || Where viog) = (Vioopt, - - - V[oo]ns) is the scalar
diffusion veloc1ty, Vo = (Vigrs -+ Vi)' the kth 1terate and HaH denotes the Euclidean norm of a € R". Similarly, in
Fig. 11 are presented the convergence history for x = 10 * and B = 10’ mT for vigg = v‘[‘oo] iooj» and  Vjg). The errors are de-
fined similarly by || v‘00 — v’ﬂ‘o I/ v‘ oll: Viog v’u 1/ IViog |l and [[vigy — 00] 0/ll/11Viog [l These figures show the good behavior of
the generalized conjugate gradient techniques for varlous ionization levels and magnetic field intensities. These methods are
able to solve the linear systems in their original form and numerical experiments show that using the more singular Stefan-
Maxwell system associated with (vj), more or less introduces a shift of one iterate in the error estimates in agreement with
the fact that with the more smgular formulation there is one additional already prescribed search direction [40]. This is in
agreement with the fact that the worse eigenvalue of the iteration matrix T is generally not close to unity and the corre-
sponding eigenvector is not a quasi nullvector for 4.

Higher order Stefan-Maxwell equations are easily derived from the transport linear systems and can also be rewritten
in terms of Schur complements. In the isotropic case, the higher order Stefan-Maxwell equations are obtained by
multiplying the linear system (7.12) on the right by d;, and then summing over k< S. Upon defining v, =
—Yesar¥d, 1 <1< nv=(v-,...,0,)", where n =2n° + n?, or equivalently » = -, _;a’d, = —a’d, we have v € (R*)" and
the higher order Stefan-Maxwell equations are found in the form
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Fig. 10. Reduced errors for conjugate gradient approximate diffusion velocities v; and various ionized mixtures; M x =10, e x =107, and 4 x = 1072
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Fig. 11. Reduced errors for conjugate gradient approximate nonisotropic diffusion velocities with x = 1072; B v/, e v*, and a v®.

{ —Lv = b°d, 8.8)

(v,Y) =0.

Upon partitionning (R*)***™ into (R®)” x (R*)"™ and similarly R*"*" into R"™ x (R*)** we have the block
decompositions

() () 5-()

so that v = IT'v and (v,) = (v,y) = 0 where v = (v,..., V)" are the diffusion velocities v; = —Y;_;D;d;. Moreover, using
the block decomposition (8.3) of the matrix L, and that of v, we obtain that 4v + [°r = Qd and L"°v + Ar = 0. We may then
write r = — A7 'L*®v and finally eliminate r to obtain the alternative form of the higher order Stefan-Maxwell equations only
involving the velocity vector v

- (A - LOO"'A’lL’:OO)v = Qd. (8.10)

These equations show that, in comparison with the first order velocities v}, the higher order diffusion velocities v re-
quire to modify the matrix 4 by the corrective terms —L°* A~'L*°. Similar Schur complements have been investigated in var-
ious kinetic frameworks, notably by Muckenfusss and Curtiss [59] and Monchick, Munn, and Mason [58]. However, from a
numerical point of view, evaluating the product of the matrix 4 — L°A~'L"®° by a vector is costly since it requires solving a
linear system with the matrix 4. Therefore, iterative methods are more conveniently designed with the matrix L than with
the Schur complement 4 — L°*A~'L*°, In other words, since A is a full matrix, the formulation (8.8) with the enlarged veloc-
ity vector v is more interesting for iterative techniques than the alternative formulation (8.10) only involving the diffusion
velocities v.

Higher order Stefan-Maxwell equations have also been investigated by Kolesnikov and Tirskiy [52], Galkin [35], and Ma-
gin and Degrez [56] by using vectorial perturbed distribution functions. More specifically, instead of deriving the usual scalar
transport linear systems that are next multiplied by the proper diffusion driving forces, it is also possible to consider vecto-
rial species perturbed distribution functions and next to derive the transport linear systems for the diffusion velocities as
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elegantly done by Kolesnikov and Tirskiy. The resulting higher order Stefan-Maxwell linear equations derived from both
methods are easily shown to be equivalent after some matrix manipulations. Similar equations have also been obtained
in the framework of nonequilibrium thermodynamics by Zhdanov and Tirskiy [73].

In addition, the modifications required in order to take into account Soret effects simply corresponds to adding the tem-
perature gradient terms in the diffusion driving forces [43]. These higher order Stefan-Maxwell equations have been gener-
alized to the complex nonisotropic case including Soret effects but the details are omitted [43]. Finally the convergence rates
observed for the higher order Sefan-Maxwell equations has been found similar to that of first order Stefan-Maxwell equa-
tions and the details are omitted.

9. Conclusion

We have investigated iterative algorithms for solving transport linear systems in partially ionized plasmas. A new formu-
lation of the transport linear systems has been introduced associated with generalized inverses with nullspaces of increasing
dimensions. New stationary algorithms as well as generalized conjugate gradient techniques have been considered. The
behavior and accuracy of the resulting algorithms has been assessed by comprehensive numerical tests with high temper-
ature air. These algorithms yield low cost accurate approximations of the transport coefficients for all ionization levels and
magnetic field intensities and are relevant to multicomponent reactive plasmas numerical simulations.

Appendix A. Bloc structure of the transport linear systems

The transport linear systems are derived from a variational procedure used to solve constrained systems of linearized
Boltzmann integral equations. The finite dimensional functional space used in the variational procedure can generally be
written A = span{¢™, (r,k) € B}, where &, (r,k) € B, are basis functions. Here B denotes the set of basis function indices
which has n elements. In the notation (r, k) the index k refers to the species and the index r to the function type that is con-
sidered. The basis functions &™* are generally expressed in terms of the Laguerre-Sonine polynomials and the Wang Chang
and Uhlenbeck polynomials in the internal energy, thus accounting for the polyatomic nature of the molecules [23].

The set B can be used as a natural indexing set and the components of any vector x € R" are then denoted by x = (X}) ; -
We can correspondingly write G = (Gyy) ;.4 .15 the coefficients of the matrix G. For any function type r, we consider the sub-
set S, c Sgivenby S, = {k € S, (r,k) € B} and we denote by n, the number of elements of S,. Note that S, may differ from &
since some types of functions do not appear for certain species. For instance, functions in the internal energy must not be
considered for the monatomic species. The transport linear system matrix G = (Gy), ) e iD R"™" can then be partitioned
into the blocks G = (Gjj);cs, 1cs, Of Size n xns. For instance, for the thermal conductivity, the indexing set is given by
B* = {10} x S U {01} x P, where P is the set of polyatomic species indices, and B* has n = n* + n? elements. Thus, the sys-
tem matrix A4 € R™*""+" admits the block decomposition

1010 41001
A= 40110 40101 [
with 4% € R™™ A1 € R™™, %1% € R™™, and A”'”" € R™". The matrix (diag(G®)),, = Giidu, (. k), (s,1) € B, is defined as
the diagonal of the rectangular block G”.

The sparse transport matrix is then formed by the diagonals of all the rectangular blocks G” of G. This matrix is denoted by
db(G) € R™" and can be written

db(G)fl = ;Sl(skls (r7 k)ﬁ (57 l) € 87 (A])

where §y, is the Kronecker symbol. With respect to the matrix A for instance, we have the block decomposition

db(A) B diag(AIOIO) diag(AIOOI)
- diag(AOIIO) diag(AOIOI) :

The matrices G and db(G) have a general mathematical structure inherited from the properties of the Boltzmann linear-
ized collision operator and the properties of the variational approximation spaces associated with the transport linear sys-
tems [23].

Appendix B. Zero mass fractions

Zero mass fractions lead to artificial singularities in the transport linear systems which are eliminated by considering re-
scaled versions of the original systems [23]. Provided the diffusion matrix is replaced by the flux diffusion matrix
Dy = YiDu,k,1 € S, it is proven in [23] that all the transport coefficients are smooth rational functions of the mass fractions
and admit finite limits when some mass fractions become arbitrarily small. Moreover, the iterative algorithms obtained for
positive mass fractions can be rewritten in terms of a rescaled system matrix that is still defined for nonnegative mass frac-
tions and yield the same sequence of iterates [23]. This result establishes rigorously the validity of a common practice in
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numerical calculations, which consists in evaluating transport properties of a given gas mixture by first adding to all the spe-
cies mass fractions a very small number, typically lower than the machine precision.

Even though the singularities disappear by using the flux diffusion matrix C = diag(y;, ..., ¥,:)D we have still evaluated
the numerical errors with the Frobenius norm of the original symmetric diffusion matrices D for the sake of simplicity. In
addition, similar convergence behaviors have been observed with the errors measured through the matrix C.
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